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Abstract 
 
 We study the thermal entanglement of a 2-qutrit spin chain with nonlinear 
coupling in the presence of nonuniform magnetic field. Thermal entanglement 
of an arbitrary (finite dimensional) m-partite system vanishes at some finite 
threshold temperature sT . We investigate the dependence of sT  on the 
system's parameters, i.e. the nonlinear coupling and the magnetic field, for this 
2-qutrit system. In addition, we compare two lower bounds of I-concurrence 
for this system and also study its dense coding capacity as a function of 
system's parameters.   
 
 
1. Introduction   
 
A bipartite system is called entangled if its density operator can not be written as 
∑ ⊗=
i
B
i
A
iiAB p ρρρ                                                                                    (1) 
where iAi
A
i ψψρ = , iBiBi φφρ = , 0≥ip , ∑ =
i
ip 1 and Aiψ , Biφ  are 
normalized pure states of subsystems A and B, respectively. The generalization of the 
above definition to m-partite (m 2≥ ) systems is straightforward. An m-partite system 
is separable (entangled) if its density operator can (can not) be written as 
∑ ⊗⊗
i
m
iiip
)()1( ρρ L , where 0≥ip , ∑ =
i
ip 1 and 
)( j
iρ  are density operators of the 
subsystem j. 
Entanglement plays a key role in quantum information theory, in applications 
such as teleportation, dense coding and so on [1, 2]. In quantum information protocols 
usually qubits are used; however entangled qutrits are also of interest [3- 9]. For 
example Durt et al. [6] have introduced a cryptography protocol with entangled 
qutrits which is more robust than its entangled qubits' counterpart.  
Entanglement is usually a fragile property. So creating stable entanglement is 
desirable. A system at thermal equilibrium can produce stable entanglement. Such a 
system is described by: 
ZHT )exp()( βρ −=                                                                                    (2) 
where H is the Hamiltonian, [ ])exp( HTrZ β−=  is the partition function, )(1 TkB=β , 
T  is the temperature and Bk  is the Boltzmann's constant which we set 1=Bk . If 
some of the Hamiltonian's eigenvectors are entangled states, then entanglement may 
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occur naturally for some intervals of T . Such a kind of entanglement is called 
thermal entanglement [10]. 
One can define sT  as the temperature that )(Tρ  is separable for all sTT ≥ [11]. It 
can be shown that sT  is finite (see Sec.4). In this paper we will study the thermal 
entanglement of a 2-qutrit spin chain by using the negativity as the measure of 
entanglement. The interesting feature of this system, as we will see in Sec. 7, is that 
increasing the absolute value of the nonlinear coupling can increase both sT  and the 
entanglement of the ground state.  
Dense coding capacity of a bipartite state is a measure of the amount of 
information that can be stored in it by manipulating only one part of the total system 
(see Sec. 3). As we will see in Sec. 9, the effect of increasing the absolute value of the 
nonlinear coupling on the usefulness of the system for dense coding is similar to its 
effect on the negativity of the system. 
 
 
2. Concurrence and Negativity  
 
Negativity is a measure of entanglement for bipartite systems and is defined as 
[12]: 
2
1
)( 1
−
=
jT
N
ρρ                                                                                          (3) 
where JTρ denotes the partial transpose of ρ  with respect to the jth subsystem (j=1,2) 
and 
p
A , for any operator A , is defined as 
p
i
p
ia
1
⎟⎠
⎞⎜⎝
⎛∑  where ia  are singular values 
of A , i.e. 2ia  are eigenvalues of AA
† . It can be shown that )(ρN is the absolute 
value of the sum of the negative eigenvalues of JTρ . Negativity can detect all 
entangled states for any 22×  and 32×  dimensional bipartite system [13], but it can 
not reveal all entangled states for higher-dimensional systems. 
For a bipartite 22×  dimensional system, concurrence is defined as[14]: 
⎭⎬
⎫
⎩⎨
⎧ Λ−Λ= ∑
>
0 , max)(
4
1
1
j
jC ρ                                                                        (4) 
where jΛ  are the square roots of the eigenvalues of the matrix 
)()( yyyyR σσρσσρ ⊗⊗= ∗  in decreasing order, where yσ  is the second Pauli 
matrix, ∗ρ  is the complex conjugate of the matrix ρ  and the standard basis, i.e. { }11 ,10 ,01 ,00 , is used to represent the ρ . It can be shown that the 
entanglement of formation of ρ  is a monotonically increasing function of )(ρC ; so 
)(ρC  can be considered as an independent entanglement measure [14]. 
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A generalization of concurrence to higher dimensional systems is called I-
concurrence. For a pure bipartite state BA HH ⊗∈ψ , where AH ( BH ) is the Hilbert 
space of the subsystem A ( B ), I-concurrence of ψ  is defined as [15]: 
( ) )](1[2 2ATrC ρψ −=                                                                               (5) 
where Aρ  is the reduced density operator of the subsystem A , i.e. ( )  ψψρ BA Tr≡ . 1)( 2 =ATr ρ  if and only if Aρ  is pure; i.e. iff ψ  is a product 
state. So ( ) 0 =ψC  if and only if ψ  is separable. The extension of the above 
definition of I-concurrence to mixed states is straightforward. For a mixed state ρ  
: BABA HHHH ⊗→⊗ , )(ρC  is defined as [15]:  
{ } ( )∑= i,    min)( iip CpC ii ψρ ψ                                                                           (6) 
where the minimum is taken over all decompositions of ρ  into pure states: 
∑=
i
iiip ψψρ  with 0≥ip  and 1=∑i ip . From Eqs. (5) and (6) it can be seen 
that ρ  is separable if and only if 0)( =ρC ; as 0)( =ρC  iff there is a decomposition 
of ρ  into pure product states. Unfortunately )(ρC  can not be computed in general. 
However some lower bounds are introduced for it. Chen et al. [16] have shown that  
)( 
)1(
8)( ρρ N
mm
C −≥                                                                              (7) 
where ),min( BA ddm ≡ , Ad  is )dim( AH  and Bd  is )dim( BH . Mintert et al. [15] 
have introduced another lower bound for )(ρC : 
⎭⎬
⎫
⎩⎨
⎧ −≥ ∑
>1
1 0 , max)(
j
jC ζζρ                                                                          (8) 
where jζ  are singular values of a matrix τ  in decreasing order. τ  is defined as  
∑= αατ TZ                                                                                                 (9) 
where αZ  are arbitrary complex numbers which satisfy the constraint 1
2 =∑
α
αZ  
and matrices αT  are constructed as below. 
Assume that { }AAA d )1(,,0 −K  and { }BBB d )1(,,0 −K  are orthonormal 
bases for AH  and BH  respectively. Now we define AAAAm jkkjt A −≡  (with 
2,,0 −= Adj K , 1,,1 −+= Adjk K  and so 2)1(,,1 −= AAA ddm K ) as an orthogonal 
basis for the antisymmetric subspace of AA HH ⊗ . Similarly, we can 
construct{ }
Bm
t .  
We now define )()()()( BABABBAA HHHHHHHH ⊗⊗⊗=⊗⊗⊗∈αχ  as  
BA mm
tt ⊗=αχ , 4
)1()1(
,,1
−−≡= BBAA ddddnKα . Now we can construct the 
matrices αT  with the elements: 
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kjkjjkT ΦΦ= αα χλλ                                                                           (10) 
where iΦ  are the eigenstates of ρ  and iii Φ=Φ λρ .  
In this paper, we will use the negativity as the measure of entanglement for our 2-
qutrit system. However, since it can not reveal all entangled states in a 2-qutrit 
system, it seems interesting to compare it with other entanglement measures in this 
system. We will compare the negativity with a special class of Mintert et al.'s lower 
bounds of I-concurrence in Sec. 8. 
 
 
3. Dense Coding Capacity 
 
Suppose that Alice (A) wants to send to Bob (B) one of the four classical 
information { }113 , 102 , 011 , 000 ==== . Classically, Alice can do so by sending 2 
bits to Bob; but, interestingly, sending only a qubit is sufficient if they have initially 
share a singlet state: 
( )BABA 0110 21 −=−ψ                                                                        (11) 
This interesting application of entangled states is called dense coding and the 
procedure is as follows [1, 2, 16]. According to the choice of the classical information 
which Alice wants to send to Bob, she performs one of the four unitary 
transformations { }yzx iUUUIU σσσ −==== 1,10,11,00,0  ,  ,  ,   on her qubit, where I is 
the identity operator and zyx //σ  are the Pauli operators. So the singlet state transforms 
to one of the following states: 
+−+−
−−−−
=⊗−=⊗
−=⊗=⊗
ϕψσψψσ
ϕψσψψ
IiI
III
yz
x
 : 11       ,      : 10
 : 01        ,        : 00
                            (12) 
where ( )1001 
2
1 ±≡±ψ  and ( )1100 
2
1 ±≡±ϕ  are the four Bell states. 
Then Alice sends her qubit to Bob, and since the Bell states are orthonormal, he can 
distinguish between them by measuring the 2-qubit system in the Bell basis and find 
out the classical information sent by Alice.  
Dense coding protocol is, in fact, an example of encoding the classical 
information in a quantum system and then decoding this information by measuring it. 
In the dense coding protocol, the encoding procedure is restricted to manipulating 
only a qubit of the total 2-qubit system; so the amount of information that can be 
stored and then extracted from this 2-qubit system is related to the amount of initial 
entanglement between the two qubits. The above argument leads us to the definition 
of the dense coding capacity of an entangled system and, as we will see, this capacity 
is related to a measure of entanglement: the relative entropy of entanglement.  
Let us first generalize the standard dense coding protocol to include an arbitrary 
entangled state instead of the singlet state and also to include an arbitrary set of { }yxU ,  instead of { }yzx iUUUIU σσσ −==== 1,10,11,00,0  ,  ,  ,   [16]. Suppose that 
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Alice wants to send to Bob one of the 2d  classical information ),( yx , where 
)1(,,0 −= dx K  and )1(,,0 −= dy K , while they have initially shared an arbitrary 2-
qudit entangled state ABρ . In order to send the classical information ),( yx , Alice 
performs a unitary transformation yxU ,  on her qudit. So the initially shared state ABρ  
transforms to 
IUIU yxAByxyx ⊗⊗= †,,, ρρ                                                                         (13) 
Then Alice sends her qudit to Bob who tries to find out the classical information 
),( yx  by performing a measurement on the total 2-qudit system. Now we can define 
the dense coding capacity of ABρ  by means of the Holevo bound [1]. Assume that 
Alice produces the state yx,ρ  with the probability yxp , . Now Bob has the state 
∑=
yx
yxyxp
,
,, ρρ  in hand and tries to find out the real ensemble produced by Alice, i.e. 
{ }yxyxp ,,  ,  ρ , by performing a measurement on ρ . The average classical information 
that Bob can gain, or in other words the average classical information that can be 
transmitted by sending a qudit from Alice to Bob, is bounded from above by the 
Holevo χ  quantity [1]: { }( )
 )()(                        
)()( , 
,
,,,,
AB
yx
yxyxyxyx
SS
SpSp
ρρ
ρρρχ
−=
−= ∑
                                                      (14) 
where )log ()( 2 ρρρ TrS −≡  and we have used the fact that )()( , AByx SS ρρ = , as 
yx,ρ  is a unitary transformation of ABρ . The dense coding capacity of ABρ  is defined 
as [18]: { }( )yxyxpABDC pC yxyx ,, ,  ,  max)( ,, ρχρ ρ=                                                               (15) 
It can be shown [19] that the maximum of { }( )yxyxp ,,  , ρχ  is achieved when 2, 1dp yx =  
for all ),( yx  and  
∑−
=
+=
1
0
2
, )mod( 
d
j
jx
d
i
yx jdyjeU
π
                                                               (16) 
where { }j  is an orthonormal basis for the subsystem A. In addition, under the above 
circumstances we have [19]: 
BA
yx
yxyx Id
p ρρρρ ⊗=≡=∑ 1*
,
,,                                                               (17) 
where AI  is the identity operator of the subsystem A and )( ABAB Tr ρρ ≡  is the 
reduced density operator of the subsystem B. So: 
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)()(log               
)(]}log)([log{               
)()]}(log[ ]{[               
)()()(
2
22
2
*
ABB
ABBBB
AB
B
AB
A
AB
ABABDC
SSd
SdTr
S
d
I
d
ITr
SSC
ρρ
ρρρ
ρρρ
ρρρ
−+=
−−−=
−⊗⊗−=
−=
                          (18) 
For a pure product state ψψρ
PPAB
=;  with BAP ψψψ ⊗=  we have 
0)()( ; == BPAB SS ρρ ; so dC PABDC 2; log)( =ρ  which is the same as the classical case; 
i.e. if we have a 2-dit system, manipulating only one of the two dits can store, at most, 
d2log  bits of information, or equivalently one dit of information, on the 2-dit system. 
But for the maximally entangled state ψψρ
MEMEAB
=;  with 
∑−
=
=
1
0
1 d
i
BAME
ii
d
ψ , where { }Ai  and { }Bi  are orthonormal bases for the 
subsystems A and B respectively, we have: 0)( ; =MEABS ρ , dS B 2log)( =ρ  and so 
2
22; loglog2)( ddC MEABDC ==ρ . For the singlet state ( ) 2 =−− ψψDCC , which 
implies that we can transmit 2 bits of information by sending only a qubit from Alice 
to Bob. Also note that for the 2-qubit case, { }yxU ,  in Eq. (16) are the same as those in 
Eq. (12). 
Equation (18) implies that only those states for which 0)()( >− ABB SS ρρ  are 
useful for dense coding. So we expect that )()( ABB SS ρρ −  relates to the amount of 
entanglement of ABρ . In fact it can be shown that [20]: 
} )()( ; )()( { max)( ABBABAABR SSSSE ρρρρρ −−≥                                  (19) 
where: 
) ( min)( ABABDABR SE AB
σρρ σ ∈≡                                                                      (20) 
is the relative entropy of entanglement [2, 21]. In Eq. (20), 
)]log(log[)  ( 22 σρρσρ −≡TrS  is the relative entropy of ρ  to σ  [1] and D is 
either the set of separable states or the set of states which are positive under partial 
transposition or the set of non-distillable states [18, 19, 2]. So Eq. (19) implies that if 
either 0)()( >− ABA SS ρρ  or 0)()( >− ABB SS ρρ  (so ABρ  is useful for dense coding) 
then ABρ  is an entangled NPT distillable state, where NPT states are those states for 
which 0)( >ρN . 
In Sec. 9 we will study the behavior of )()( / ABBA SS ρρ −  for our 2-qutrit system, 
as a function of system's parameters.  
 
 
4. Thermal Entanglement Vanishes at a Finite Temperature 
 
Using the fact that the maximally mixed state dI=ρ , where d  is the dimension 
of the Hilbert space of the system and I  is the identity operator, is surrounded by 
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separable states [22-25], Fine et al. [26] have proved that thermal entanglement in an 
arbitrary (finite dimensional) bipartite system vanishes at a finite temperature. In fact 
it is true for an arbitrary (finite dimensional) m-partite (m 2≥ ) system; as has been 
stated by some authors [11, 27-29]. In this section, we will give a proof of this 
statement using the result of Ref. [25]. 
Consider an arbitrary finite dimensional m-partite density operator ρ : 
mm HHHH ⊗⊗→⊗⊗ LK 11  where iH  ( mi ≤≤1 ) is the Hilbert space of the i'th 
subsystem. Gurvits and Barnum [25] have shown that ρ  is separable if  
1
)2(2
2
2
)2(2
−
−−
−
⎥⎦
⎤⎢⎣
⎡ −≤− m
m
dddIρ                                                        (21) 
where mm ddHHd ××≡⊗⊗= LL 11 )dim( . Since ddI
12
2
2
2
−=− ρρ , we can 
rewrite Eq. (21) in terms of the purity of ρ : If  
122
2
2 )2(][)( −−−≤=≡ mdTrP ρρρ                                                          (22) 
then ρ  is separable. 
For a thermal state ρ : 
∑ ΦΦ=
i
iiiλρ    with  Ze iEi βλ −=                                                     (23) 
where iii EH Φ=Φ , we have ∑ −=
ij
ijji EEd
dP )(2)( 2λλβ
ρ . Since 
0)( ≥−∑
ij
jijji E λλλλ                                                                               (24) 
then 
∑ ∑∑ =≥
ij ij
iji
ij
jijjji EEE λλλλλλ 222     0  ≥⇒ dβ
dP  
Equation (24) is satisfied for all T  since when ji EE >  then ji λλ < . In fact, the 
equality sign in Eq. (24) holds only when 0=T  or ∞→T  or when all jE  are equal 
(when all jE  are equal then dIT =)(ρ  for all T ). Neglecting this last unimportant 
case, )]([ TP ρ  is a monotonically increasing function of β  for ∞<< β0 . So there is 
a unique finite temperature ∗T  for which we have 
122 )2()]([)( −−∗∗ −=== mdTTTrTP ρ                                                        (25) 
Therefore )(Tρ  is separable for all ∗≥ TT . In other words, since ∗T  is an upper 
bound of sT , sT  is finite for any (finite dimensional) m-partite system. 
Now for bipartite systems, Eqs. (21) and (22) reduce to  
[ ] max2 21)1( rdddI ≡−≤− −ρ                                                                 (26-a) 
and 
12 )1(][)( −−≤≡ dTrP ρρ                                                                        (26-b) 
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respectively. It has been shown that maxr  is the largest possible radius, in the Hilbert-
Schmidt norm (i.e. 
2
A  for arbitrary operator A ), around 
d
I  which includes only 
separable states [24]. So one may conjecture that at least for bipartite systems ∗T  is a 
good upper bound for sT , but it is not so, at least, for systems which have been 
studied in Ref. [11]. Note that ∗T  is only a function of ρ 's eigenvalues and is 
independent of its eigenvectors, while entanglement is related to both eigenvalues and 
eigenvectors of ρ . This may be the reason why ∗T  is a poor upper bound of sT  (at 
least for systems which have been studied in Ref. [11] ). 
After knowing that sT  is finite, the other interesting question is how it depends on 
the system's parameters. We will deal with this question for our 2-qutrit system in 
Sec. 7. 
 
 
5. The Model Hamiltonian 
 
We will study the thermal entanglement of a bipartite spin-1 chain. In the 
presence of nonuniform external magnetic field (along the z-axis) the Hamiltonian of 
this system reads: 
zz SBSBSSKSSJH 2211
2
2121 )()( ++⋅+⋅=
rrrr
                                          (27) 
where J  is the linear coupling, K  is the nonlinear coupling, iB  is the magnetic field 
at site i and )S ,S ,( iziyixi SS ≡
r
 which  
⎟⎟
⎟
⎠
⎞
⎜⎜
⎜
⎝
⎛
=
010
101
010
2
1
ixS
 ,   
⎟⎟
⎟
⎠
⎞
⎜⎜
⎜
⎝
⎛
−
−
=
00
0
00
2
1
i
ii
i
Siy
 ,    
⎟⎟
⎟
⎠
⎞
⎜⎜
⎜
⎝
⎛
−
=
100
000
001
izS
    
The Hamiltonian in Eq. (27) can be implemented physically by using an optical 
lattice setup consisting of two wells with one spin-1 atom in each well in the presence 
of external electric and magnetic fields [30]. External magnetic field produces the 
term zz SBSB 2211 +  in Eq. (27); but external electric field influences the values of J 
and K and helps us achieve different values of J and K [30].  
The eigenvectors of the Hamiltonian in Eq. (27), in the basis of the eigenstates of 
zz SS 21 ⊗  ( ijjiijSS zz ×=⊗ 21 ), are: 
111 =Φ   
22
2 /)0110( baba ++=Φ  
22
3 /)0110( baab +−=Φ  
1,11,100 1114 −+−+=Φ edc  
1,11,100 2225 −+−+=Φ edc                                                             (28) 
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1,11,100 3336 −+−+=Φ edc  
22
7 /)1,00,1( gfgf +−+−=Φ  
22
8 /)1,00,1( gffg +−−−=Φ  
1,19 −−=Φ  
where 222121 4)( JBBBBa +−+−= , 2Jgb == , 
22
2112 4)( JBBBBf +−+−=  and, in general, { } 1,2,3i,     , =iii cde  should be 
computed numerically for each J , K , 1B and 2B . The eigenvalues of our 
Hamiltonian are: 
KBBJE +++= 211  
22
212
1
212
1
3
22
212
1
212
1
2
4)()2(
4)()2(
JBBKBBE
JBBKBBE
+−−++=
+−+++=
 
),,,(
),,,(
),,,(
2166
2155
2144
KJBBEE
KJBBEE
KJBBEE
=
=
=
                                                                                (29) 
22
212
1
212
1
8
22
212
1
212
1
7
4)()2(
4)()2(
JBBKBBE
JBBKBBE
+−−−+=
+−+−+=
−
−
 
KBBJE +−−= 219  
where, in general, the values of 4E , 5E and 6E  should be computed numerically.  
The case ( 0=K , 1=J  and 21 BB ≠ ) has been studied in Ref. [31] and the case 
( 21 BB =  and 0≠K ) has been studied in Refs. [32, 33]. In this paper we will 
consider the case ( 1−=J , 02 ≤≤− K  and 21 BB ≠ ). With these choices 
82  ,, ΦΦ K  are all entangled. In the two following sections, we will clarify why we 
consider the nonzero nonlinear coupling and the nonuniform magnetic field 
simultaneously. 
  
 
6. Negativity of the System 
 
In this section, we consider the negativity as a measure of entanglement and study 
its dependence on the system's parameters. 
In Fig. 1, the negativity is plotted as a function of 1B  and 2B  for 7.1−=K  and 
three typical temperatures. As it can be seen from Fig. 1(a), the negativity is zero in 
the most of the )0( 21 >BB  region and is nonzero elsewhere. The reason is that for 
low temperatures the system is, almost, in its ground state and in the region where the 
negativity is zero, either 1Φ  or 9Φ  are ground states which are separable, while in 
the region with nonzero negativity, 4Φ  is the ground state which is entangled.  
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Figure 1 shows that the negativity in (almost all over) the )0( 21 >BB  region is 
also zero for higher temperatures despite the fact that in this case 1Φ  or 9Φ  will 
be mixed with entangled eigenstates of the Hamiltonian; but in the case where 4Φ  
is the ground state, the negativity can remain nonzero for higher temperatures too. For 
other K  values, the situation is almost the same as above. This fact that the 
entanglement can be found usually in the )0( 21 <BB  region and not in the 
)0( 21 >BB  region is one of our reasons for considering the nonuniform magnetic 
field. 
As we can see in Fig. 1, the negativity is symmetric with respect to 21 BB ±=  
lines. In addition, the peaks of the negativity are located on 21 BB −=  line. So in Fig. 
2, we only represent the negativity on this line for 1=T  and three typical values of 
K . We observe that increasing K  can enhance the entanglement. This is one of our 
reasons for considering the nonzero K .  
 
 
   
(a)                                                                                 (b) 
  
(c)                                                                                 (d) 
 
Fig. 1. Negativity versus 1B  and  2B  for 7.1−=K  and three typical temperatures: (a) 2.0=T , 
b) 1=T , c) 9.1=T . d) Negativity on 21 BB −=  line for the three above cases: 2.0=T  
(dotted line), 1=T  (dashed line) and  9.1=T  (solid line). 
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Fig. 2. Negativity on 21 BB −=  line for 1=T  and  01.0−=K  (dotted line), -1=K  (solid line) and 
-2=K  (dashed line). 
 
 
7. Increasing K  or 21 BB −  Can Increase sT   
   
Suppose that the ground state of the system is entangled and nondegenerate. This 
is the case for Figs. 3 and 4, since the ground state in these cases is 4Φ . By 
increasing the temperature, because of the mixing between the ground state and other 
eigenstates of the Hamiltonian, ρ  becomes separable. So it seems that any thing 
which prevents the mixing of the entangled ground state with other states may 
increase sT . Any effect which increases the separation between the energy of the 
entangled ground state and other energy levels is one such effect. Increasing  K  or 
21 BB −  induces this effect in our case. 
When 4Φ  is the ground state, our numerical calculations show that by 
increasing K , the separation between the ground energy level 4E  and other energy 
levels increases, i.e. for fixed 1B  and 2B , ( ) ( ) ( ) ( )040040      KKEKKEKKEKKE ii =−=>∆+=−∆+=  where 0>∆  
and 9,,5,3,2,1 K=i  (so ( ) ( )TKKTKK ,  , 0404 =>∆+= λλ  for ∞<< T0 ). In 
addition, by increasing 21 BB − , in most cases, the distance between the ground 
energy level 4E  and other energy levels either becoms larger or does not change. 
Since increasing K  or 21 BB −  can increase the gap between the ground energy 
level 4E  and other energy levels, we expect that increasing K  or 21 BB −  increases 
sT . Figures 3 and 4 show that, with a good approximation, this guess is correct (see 
also [Fig. 1(d)]). 
This line of reasoning for increasing sT  is not accurate in general. However, it 
helps us to guess the behavior of sT . As we have seen, it works well in our 2-qutrit 
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system. We have also examined this approach for a few other simple systems and 
have
 
 
 
Fig. 3. Negativity versus K  and T  (T  begins 
at 01.0=T ) for 3.121 =−= BB . 
 
 
          
Fig. 4. Negativity versus 2B  and T  (T  
begins at 02.0=T ) for 1.7−=K  and 
31 =B .
 
 
obtained convincing results. For example, consider a 2-qubit anisotropic Heisenberg 
chain in the presence of uniform external magnetic field. The Hamiltonian and its 
eigenvalues are [34]: 
)()()( 2121212121 zz SSBSSSSJSSSSJH +++++= −−+++−−+ γ                     (30-a) 
JE =1 , JE −=2 , 223 )( γJBE += , 224 )( γJBE +−=                  (30-b) 
where yx SiSS  ±≡± , ),,(  21 zyxS ii =≡ ασ αα  in which ασ i  are the Pauli matrices at 
site i, 2)( yx JJJ +≡ ,  B  is the uniform external magnetic field along the z-axis and 
)()( yxyx JJJJ +−≡γ . When 0≠γ , all eigenvectors of H are entangled [34]. We 
consider the case 8.0=γ , 1=J  and 0≥B . For 6.00 <≤ B , the ground state is ( ) 1001 
2
1
2 −=Φ , which is the maximally entangled state, and 4Φ  is the first 
excited one (we have assumed that iii EH Φ=Φ ). But for 6.0>B , 4Φ  is the 
ground state and 2Φ  is the first excited one and by increasing B , the difference 
between the ground energy level 4E  and the other energy levels increases. So we 
expect that for 6.0>B , increasing B  increases sT . As one can see from Fig. 4 of 
Ref. [31], it is so for approximately 2≥B . So our simple reasoning works almost 
satisfactory in this example. For 26.0 << B , the ground energy level 4E  is rather 
close to the first excited one. In addition, 2Φ  is more entangled than 4Φ . It seems 
that in such a situation our simple reasoning does not work, But when 4E  becomes 
sufficiently far from 2E , i.e. 2>B , it works well. 
Note that as Figs. 3 and 4 show, increasing K  or 21 BB − , in fact, reduces the 
damping rate of the negativity by increasing the temperature. In addition, strictly 
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speaking, since the negativity can not detect all entangled states in a 2-qutrit system, 
we should say that increasing K  or 21 BB −  can increase a lower bound of sT . Do 
we get a similar result if we use another entanglement measure instead of the 
negativity? In the next section, we will see that the answer is yes, at least, if we use a 
lower bound of I-concurrence instead. 
We also note that in Fig. 3, increasing K , for a fixed T, first decreases and then 
increases the negativity of )(Tρ . Specially for 0=T  case, increasing K  decreases 
the negativity up to 1=K ; but for 1>K , increasing K  increases the negativity of 
the ground state. So for 2=K , the negativity of the ground state becomes even 
larger than its value for 0=K . Therefore, since increasing K  also increases sT , 
Fig. 3 shows that by increasing K  we can achieve both larger negativity and higher 
sT .  
In Fig. 4, there is a jump in the amount of the negativity at ( 148.0B 2 ≈  and 
0=T ). This is because that 4Φ  is the ground state for 148.02 <B  but 9Φ  is the 
ground state for 148.02 >B . In contrast to Fig. 3, for 148.02 <B , increasing 
21 BB −  only decreases the negativity of the ground state. 
At the end of this section we summarize our reasons for considering nonzero K  
and nonuniform magnetic field simultaneously: 
1- Entanglement usually occurs in the )0( 21 <BB  region.  
2- Increasing K  can enhance the entanglement. 
3- Increasing K  or 21 BB −  can increase sT . 
 
 
8. Comparison of Two Lower Bounds of I-Concurrence  
 
By choosing different }{ αZ  in Eq. (9), we can obtain different lower bounds for 
)(ρC . One simple way is to choose 1=κZ  ( n,,1 K=κ ) and 0=αZ  for κα ≠ . In 
this way we get "n" different lower bounds for )(ρC . We call the best of these  lower 
bounds the algebraic lower bound (ALB) of )(ρC  [15]. Chen et al. [16] have 
introduced two lower bounds for )(ρC , the one quoted in Eq. (7) and another one 
based on the realignment criterion. Since in our case the lower bound in Eq. (7) is 
often a better bound, we will only compare ALB with the bound in Eq. (7). Also note 
that, since Chen et al.'s lower bound in Eq. (7) is proportional to the negativity, 
comparing it with the ALB is in fact, the comparison between the negativity and the 
ALB. 
In most of the cases which we have considered numerically, ALB gives a better 
lower bound for )(ρC than Eq. (7). Fig. 5(a) shows an example of this case. From Eq. 
(6), it is obvious that ( )∑ Φ≡
j
jjCUB   )( λρ  is an upper bound of )(ρC . The dotted 
 14
line in Fig. 5(a) shows this upper bound. So for the case which is plotted in Fig. 5(a), 
the ALB can detect all entangled states. However, we have encountered in our 
calculations some cases where Eq. (7) gives a better lower bound for )(ρC  than ALB 
[Fig. 5(b)].  
But an important point, which is seen from Figs. 5(a) and 5(b), is that the behavior 
of these two lower bounds as a function of 1B  are almost similar. It is almost the case 
for other situations too. In other words, in our system, ALB and negativity usually 
behave similarly as a function of system's parameters. In particular, using ALB 
instead of negativity in Figs. 3 and 4 gives us similar results [see Figs 5(c) and 5(d)]. 
 
 
 
 
         
(a)                                                                                  (b) 
 
(c)                                                                                 (d) 
Fig. 5. (a) )(ρUB  (dotted line) and two lower bounds of )(ρC  (ALB, solid line; Eq. (7), dashed 
line) for 1−=K , 3.0=T  and 62 −=B . (b) Two lower bounds of )(ρC  (ALB, solid line; 
Eq.(7), dashed line) for 2.0−=K , 5.0=T  on 21 BB −=  line. (c) ALB versus K  and T for 
the same conditions as Fig. 3 (T  begins at 05.0=T ). (d) ALB versus 2B  and T  for the same 
conditions as Fig. 4 (T  begins at 05.0=T ).    
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9. Dense Coding Capacity of the System 
 
 
In this section we study the dense coding capacity of our 2-qutrit system. The case 
( 0=J , 0≠K  and 21 BB = ) has been studied in Ref. [35]. As stated before in Sec. 5, in 
this paper we consider the case ( 1−=J , 02 ≤≤− K  and 21 BB ≠ ). 
In Sec. 3, we have seen that a bipartite ρ  is useful for dense coding from 1 to 2 if 
0)()( 2 >− ρρ SS , where )(12 ρρ Tr≡  (in this section we denote subsystems by 1 and 2 
instead of A and B). So one may define the usefulness of ρ  for dense coding from 1 to 
2 and vice versa as 
)0 , )()( ( max )( 22 ; 1 : ρρρ SSU DC −=                                                           (31-a) 
and 
)0 , )()( ( max )( 11 ; 2 : ρρρ SSU DC −=                                                           (31-b) 
respectively. 
Because of the term zz SBSB 2211 +  in Eq. (27), for our 2-qutrit system, the spectrum 
of 1ρ , in general, is not the same as that of 2ρ . So, in general, we have 
)()(         )()( 2 ; 1 :1 ; 2 :21 ρρρρ DCDC UUSS ≠⇒≠ . 
)(2 ; 1 : ρDCU  for the same conditions as Fig. 3 is plotted in Fig. 6(a). Interestingly, the 
dependence of )(2 ; 1 : ρDCU  on K and T is similar to that of negativity in Fig. 3. In 
addition, for the case plotted in Fig. 6(a), we have )()( 2 ; 1 :1 ; 2 : ρρ DCDC UU = . But for the 
same conditions as Fig. 4, in general, we have )()( 2 ; 1 :1 ; 2 : ρρ DCDC UU ≠  as can be seen 
from Figs. 6(b) and 6(c). Figures 4, 6(b) and 6(c) show that though the behavior of 
)(2 ; 1 : ρDCU  as a function of 2B  and T, is not similar to that of )(ρN , this is so for 
)(1 ; 2 : ρDCU . In fact, for the all cases which we have considered numerically, the 
behavior of ] )(  , )( [ max 1 ; 2 :2 ; 1 : ρρ DCDC UU , which is a lower bound of )(ρRE , has been 
found to be similar to that of )(ρN . 
It seems interesting that there are states which in spite of being distillable, i.e. 
0] )(  , )( [ max 1 ; 2 :2 ; 1 : >ρρ DCDC UU , they are useless for dense coding from one of the 
two parts to the other, e.g. from 1 to 2 and for )5.1 , 10( 2 =−= TB , as Figs. 6(b) and 
6(c) show. Also, Fig. 6(d) shows that there are states though are NPT, but are useless 
for dense coding (for this case we have ( ) ( )ρρ 2 ; 1 :1 ; 2 : DCDC UU = ). In Fig. 6(d), we have 
plotted )(ρDCC  instead of )(2 ; 1 : ρDCU . Since for pure product states we have 
3loglog)( 22 == dCDC ρ , Fig. 6(d) shows that there are NPT entangled states which 
are even weaker than pure product states for encoding information by manipulating 
only one part of the total system. 
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(a)                                                                                          (b) 
          
(c)                                                                                         (d) 
Fig. 6. (a) 2 ; 1 :DCU  versus K  and T for the same conditions as Fig. 3 (T  begins at 02.0=T ). (b) 
2 ; 1 :DCU  versus 2B  and T  for the same conditions as Fig. 4 (T  begins at 05.0=T ). (c) 1 ; 2 :DCU  
versus 2B  and T  for the same conditions as Fig. 4 (T  begins at 05.0=T ). (d) DCC  (dashed line) 
and the negativity (solid line) versus K  for  021 == BB  and 05.0=T . The dotted line corresponds 
to 3log2=y . 
 
 
 
10. Conclusion 
 
By using the fact that the maximally mixed state is surrounded by separable 
states, it can be shown that thermal entanglement of an arbitrary (finite dimensional) 
m-partite system vanishes at a finite temperature sT . In our 2-qutrit system, 
entanglement usually occurs in the )0( 21 <BB  region and increasing K  or 21 BB −  
can increase sT . 
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The interesting feature of our system is that, for a fixed T, increasing K  can also 
enhance the entanglement of )(Tρ ; in particular it can enhance the entanglement of 
the ground state. 
We have also compared the negativity with the algebraic lower bound (ALB) of 
)(ρC . We have observed that they behave almost similarly as a function of system's 
parameters. In particular, using ALB instead of negativity confirms that increasing 
K  or 21 BB −  can increase sT . 
Studying the dense coding capacity of the system, we have seen that the effect of 
increasing K  or 21 BB −  on the  ]   ,  [ max 1 ; 2 :2 ; 1 : DCDC UU is similar to its effect on 
the negativity of the system. 
As we have seen, manipulating the system's parameters (including temperature), 
gives us the ability to tune the amount of entanglement of the system. This ability 
may lead to interesting properties for systems with more than two parts [36]. In 
addition, studying the thermal entanglement of n-qutrit spin chain (with 2>n ), may 
help us to know whether a monogamy inequality, specially in terms of the negativity, 
is possible for qudits, with 2>d , or nota. 
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